Cadernos do DPS
Departamento de Producao e Sistemas

Escola de Engenharia
Universidade do Minho

Basic Approximations to an Adaptive Resource
Allocation Technique to Stochastic Multimodal Projects

Anabela P. Tereso
M. Madalena T. Aratjo
Salah E. Elmaghraby

DPS-19,/2003

Julho de 2003

Copyright notice

The documents distributed by this server have been provided by the contributing authors as
a means to ensure timely dissemination of technical and research work on a noncommercial ba-
sis. Copyright and all rights therein are maintained by the authors or by other copyright holders,
notwithstanding that they have offered their works here electronically. It is understood that all
persons copying this information will adhere to the terms and constraints invoked by each author’s

copyright. These works may not be reposted without the explicit permission of the copyright holder.



Basic Approximations to an Adaptive Resource
Allocation Technique to Stochastic Multimodal

Projects
Anabela P. Tereso M. Madalena T. Aratjo
Universidade do Minho Universidade do Minho
4800-058 Guimaraes 4800-058 Guimaraes
PORTUGAL PORTUGAL
anabelat@dps.uminho.pt mmaraujo@dps.uminho.pt

Salah E. Elmaghraby
North Carolina State University
Raleigh, NC 27695-7906
USA
elmaghra@eos.ncsu.edu

July, 2003

Abstract

This paper presents three basic approximations developed to solve the Adap-
tive Stochastic Multimodal Resource Allocation Problem. Two of them are
based on the DP model introduced in earlier papers ([23], [24]). The other
one uses NLP to solve this problem. The approximations developed consist in
considering the Work Content of some or all the activities of the project as
represented by their mean values. These approximations were applied to a set
of examples, and results were obtained and commented. As expected, running
times were reduced, compared to the original model, but the total cost was
underestimated, due to the use of means instead of the complete distribution.
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1 Introduction and Background

After defining a dynamic programming (DP) model to be applied to the adaptive
resource allocation in stochastic multimodal project networks (see [23]), and after
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having implemented and tested the model with a set of networks (see [24]), we pro-
ceeded to develop basic approximations to this model, due to the complexity of the
problem. These approximations were able to reduce computation time considerably,
with still good results.

Before introducing the approximations, we are going to briefly define the problem.
Given a multimodal activity network!, with a stochastic work content (W, ), we want
to decide the amount of resource to apply to each activity (x,), so that the total cost
is minimized. This cost includes the resource cost and the delay cost. The duration
of an activity depends on its work content and on the amount of resource allocated
to it. To evaluate the delay cost, a due date must be specified (7), as well as the unit
cost per period tardy (cz). To the best of our knowledge this problem has never been
treated before. Contributions to the classical ‘resource constrained project scheduling
problem’ (RCPSP) and its variants are numerous; the interested reader may wish to
consult the two most recent books on the subject by Demeulemeester and Herroelen
(2002) [10] and Neumann, Schwindt, and Zimmermann (2002) [20], and the references
cited therein, to gain a complete picture of developments in that aspect of project
scheduling.

We imposed the following assumptions:

e The work content of each activity is a random variable (r.v.) exponentially
distributed?.

e The amount of resource is specified within a lower and an upper bound [/, u].

e The availability of the resource is unlimited, so it doesn’t impose any limitations
to the problem.

The model developed to solve this problem will be reviewed, using a simple ex-
ample with only three activities (see figure 1).

The due date of the project is T'= 9, and the unit cost per period tardy is ¢;, = 4.
The resource allocation to each activity is denoted by z; for ¢+ = 1,2, 3; with lower
limit /; = 0.5 and upper limit u; = 1.5 for all <. The x;’s are the decision variables
of this problem. The parameters {);} of the distributions of the work content of the
activities are as shown in table 1.

Table 1: Parameters for the simple example
Activity ¢ : || 1 2 3
Ao 0.410.16 | 0.1

!That is, each activity can be performed in any number of levels of resource intensity applied to
it, with resulting shorter or longer duration.
2This assumption was done for simplicity of exposition and computing.
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Figure 1: Example network with its uniformly directed cutsets.

At any point in time the manager must cope with a subset of activities that lie
on a uniformly directed cutset (udc)®. In this simple example there are only two
udc’s: Cyp = {1,3} and Cy = {2,3} . To be sure, at the outset the project manager is
concerned with activities 1 and 3, which lie on C. Then, depending on the progress
in these two activities, he may eventually be concerned with activities 2 and 3, which
lie on Cy. If the resource allocation to activity 3 is (temporarily) fixed at, say, Z3, the
problem reduces to the optimal determination of the resource allocation to activities
1 and 2, which can be readily resolved by standard DP recursion. The set of “fixed”
activities is denoted by F; in this example F = {3}. Finally, searching over the
values of 23 with repeated optimization at each value would yield the (unconditional)
optimum allocation to all three activities. In general, our procedure determines the
udc’s of the network (which define the stages of the DP iterative scheme), and the
cutset intersection index (cii), which represents the variables to be (temporarily)
fixed (see [23] for details).

The expected resource cost of the fixed variables is denoted by rcf, which in this
case, is the expected cost of activity 3

ref =iy € (Ws) = —2, (1)
0.1
where W3 is the work content of activity 3, £ (W3) denotes its expected value, and &3
the amount of resource allocated to it. Reverse numbering of the DP stages yields

filts| F = {3) = ref +_min € {a,V, 48 (U)}, 2)
where

U = max{0, T3 — T}, (3)
and

3A udc represent a set of possible active activities, during the life of the project.
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T3 = max{ts +

}- (4)

The second and last stage would be defined as follows:

falts =01 F = {3}) = min_&{a, Wi +E[fo(T))} @
where
T, = ZV—E (6)

The solution for this network, obtained in 0.22 seconds?, is:

{z7, 23} = {1.25,1.5} (7)
with an expected cost of 35.97.

The optimal value of x5 depends on the state of node 2, when it is reached, and
can be obtained by the previously developed optimal policy for stage 1, as defined in
equation (2). The time necessary to get results in this example is considerably small,
but for bigger networks, this time increases exponentially, taking hours and even days
to achieve®.

This model was implemented in Matlab. The pseudo-code can be accessed on the
internet®, or upon request by e-mail”.Details of the development of this application
can be seen in our previous paper ([24]).

2 The Approximations Developed

In this section we will introduce the basic approximations developed to solve this
problem. Two of them still use DP, and one uses non linear programming (NLP).
These approximations were developed considering that the Work Content of some or
all the activities of the project is represented by the mean value. The approximations
were applied to a set of examples, and results were obtained and will be commented.
As expected, running times were reduced, compared to the original model, but the
total cost was underestimated, due to the use of means instead of the complete
distribution ([13]).

4The computer used to do the experimentations was a Pentium III, 650 MHz, 128 MB.
®See the order of complexity of this problem in our previous paper (|24]).
Swww.eng.uminho.pt/~dps/anabelat (Topic: research).

Tanabelat@dps.uminho.pt.
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2.1 Approximation 1

This approximation is based on the DP model introduced (|23], [24], [25]), but
considers the Work Contents of the fixed activities (set F) as represented by their
mean values. For the simple network, only W3 would be approximated to its mean

(3 = 77 = 10).
The approximated solution was obtained in 0.19 seconds, and it is stated in (8).

{23} = {1.25, 1.0} ®)
with an expected cost of 27.65.

2.2 Approximation 2

This approximation is based on the DP model introduced and represents all random
variables by their mean values. These variables are the Work Contents of all the
activities. In the simple example above, we would have:

(W1, Wa, W3} = {2.50,6.25,10.00}. (9)

The solution for the simple network, was obtained in 0.12 seconds:

{z7, 2%} = {1.25,1.0} (10)
with an expected cost of 21.81.

2.3 Approximation 3

This approximation uses NLP and considers all random variables as represented by
their mean values. These variables are the Work Contents of the all the activities. In
the simple example above, the work content will be as shown in (9).

The model was developed in the Excel Solver. The goal is to minimize the total
cost of the project, which includes the resource cost and the delay cost. The non-
linear function that represents the total cost, for the example project, can be seen in

(11).

F(z) = 21W1 + 2oWa + 23W3 + ¢ max(0,t3 — T). (11)

The parameters introduced were the values of A, for all the activities, and the
correspondent work content was evaluated using expression (12).

1
T

It was also introduced the value of T'= 9 and C}, = 4. The goal is to determine
the values of z, that minimize the function F'(z).

W= (12)
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It is also necessary to know the value of ¢3, the time of realization of the last node
of the network. This value can be obtained using the expression (13).
W- 4%
ts = max(ty + —,t) + —), (13)
i) I3
where to = t; + ‘;V—ll and ¢; = 0.
It is also necessary to include restrictions for the x limits, of the type 0.5 < x < 1.5.
Then, the minimization of the objective function was done, and the result, (14),
was obtained in 0.1 seconds.

{z], 25,23} = {0.8,1.06,1.11} (14)
with an expected cost of 19.79.

The Excel sheet that allowed to solve this problem, can be seen in figure 2.

Adivitya Larbdaa WA xa tineti
1 04 25 x1= Q8 0:t1=0 FXx)= 19,
2 0l1€ 62X x2= 1,06 3113: t2=t1-~ \\MI/X1
3 Q1 10 x3= 1,11 921 : t3amextI A \BXII2ANDHQ)
FOOSANI-BANRBANE
ST
VI T el “PaOud
T= 9
d= 4

Figure 2: NLP in Excel (Simple example)

3 Examples and Results

The initial model and subsequent approximations were tested on a set of four projects
that range in size from 5 to 18 activities. These examples are shown in appendix A,
and the solutions obtained in appendix B. The solution times varied from a few
seconds to five days on a Pentium III, 650 MHz, 128 MB. The program output, for
the DP case, indicates the “optimal” cost and the “best” values for the variables that
emanate from node 1, as well as the “best” values for the fixed variables. The values
of the remaining decision variables depend on the state of the project, at the time
of the decision, and can be determined from the optimal policies developed for the
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corresponding stage. The words optimal and best are put between quotation marks
because they are not the absolute optima and best due to the discretization of the
work content and the times of node realizations. Finer meshes may result in improved
optima, at the price of (greatly) increased computational effort. In the NLP case,
the discretization error does not exist, but the values obtained are not optimal, due
to the approximations.

There are two important remarks:

e Network 3 has only one more activity than network 2, but the time necessary
to get results (in the DP Model case) increases from 30 minutes to 23 hours.
This was due to the increased number of fixed activities (from six to eight).
Thus the number of combinations generated for the fixed variables increased
from 3% = 729 to 3% = 6561.

e To be able to obtain the solution for network 4, it was necessary to reduce the
number of points considered, for the resource allocation of the fixed variables,
to two®. Even after this reduction, the results were obtained after 5 days, using
the straight DP model.

4 Conclusions and Future Research

After these set of experiments we can see that for the straight DP model, and for the
larger networks, the time necessary to get results is prohibitive. In theory, this is an
exact model. Armed with a powerful computer, we would be able to get real optimal
values. As this is not possible, we tried to develop simple approximations, to start
with, to improve computational time. And this was accomplished. As more variables
are approximated, the computational time is reduced. With NLP, the reduction is
even bigger.

The values obtained using the DP model can be seen as upper limits to the
optimum. This is due to the discretizations needed.

As we do approximations, the expected value of the cost tends to be lower, be-
cause, when we use means instead of the complete distribution, to represent the work
contents, the true conclusion dates are underestimated (|13|). That explains why the
values tend to decrease, as more variables are approximated.

Theoretically, approximations 2 and 3 should give the same results. The differ-
ences observed are due to the discretizations needed in the DP model.

But rather then looking at the expected value of the cost, it is also important
to look at the values of the levels of resources (z’s) proposed by the model and the
approximations. There are cases in which these values don’t change much. Since these
values are stable, it is a good recomendation to use them, when implementing the

8For the other networks, the quantities of resources for the fixed variables were discretized using
three points.
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project. The others may not be so important, to the final result. In approximation
3, the x values are different from the others, because in NLP, it is not necessary to
use discretization, as in DP.

As future research we plan to keep improving results, times and searching for
better approximations to the optimum, namelly:

e Forfeit some ‘managerial flexibility’ in the adaptive optimization by ‘aggregat-
ing’ activities. The very act of ‘aggregation’ combines two or more activities
into a larger ‘aggregate activity’, which will necessarily delete nodes in the orig-
inal network. All aggregated activities shall be treated as a single activity to
which a resource allocation shall be made. This robs the manager of the flexi-
bility of varying the allocation to individual activities according to progress to
date, which was stated in the realization of the (deleted) nodes.

e Forfeit the generality of the DP approach in favor of the specialized treatment
of exponentially distributed r.v.’s which lead to the interpretation of the project
as a continuous time Markov chain. Such analysis may provide upper bound on
the expected cost of the project, which may be useful in the budgeting/bidding
process.

Finally, the DP approach is very demanding computationally, in whichever form
it is used. So we are compelled to try to apply other compu-search approaches to
this problem. These approaches will involve the use of various techniques such as
Monte Carlo Simulation combined with CPM evaluation, and a global optimization
technique based on the ‘Electromagnetism Algorithm’ designed by Birbil and Fang|5].

References

[1] Adlaka, V.G. and Kulkarni, V.G. (1989), “A Classified Bibliography of Research
on Stochastic PERT Networks: 1966-1987", INFOR vol 27, n°3.

[2] Angus, R.B. and Gunderson, N.A. (1997), “Planning, Performing, and Control-
ling Projects: principles and applications”, Prentice Hall, London.

[3] Bellman, R.E. (1957), “Dynamic Programming”, Princeton University Press, New
Jersey.

[4] Bellman, R.E. and Dreyfus, S.E. (1962), “Applied Dynamic Programming”,
Princeton University Press, New Jersey.

[5] Birbil, S.I. and Fang, S-C. (2000), “Electromagnetism for global optimization”,
submited to Journal of Global Optimization.

[6] Burke, R. (1992), “Project Management: planning and control”, 2nd ed., Wiley,
Chichester.

Cadernos do DPS-19/2003 8



[7] Brooks, G.H. and White, C.R. (1965), “An Algorithm for Finding Optimal or
Near Optimal Solutions to the Production Scheduling Problem”, Journal of In-
dustrial Engineering, January-February Issue, 34-40.

[8] Christofides, N.; Alvarez-Valdés, R.; Tamarit, J.M. (1987), “Project Scheduling
with Resource-Constraints: a branch-and-bound approach”, European Journal
of Operartional Research 29, 262-273.

[9] Davis. E.W.(1973), “Project Scheduling under Resource Constraints: historical
review and categorization of procedures”, AIIE Transactions, vol. 5, n°4, 297-313.

[10] Demeulemeester, E.L. and Herroelen, W.S. (2002). “Project Scheduling,: A Re-
search Handbook”, Kluwer Academic Publishers, Boston. ISBN 1-40207-051-9

[11] Elmaghraby, S.E. (1993), “Resource Allocation via Dynamic Programming in
Activity Networks”, European Journal of Operational Research 64, 199-215.

[12] Elmaghraby, S.E.; Fathi, Y.; Taner, M.R. (1998), “On The Sensitivity of Project
Variability to Activity Mean Duration”, International Journal of Production Eco-
nomics 62, 219-232.

[13] Elmaghraby, S.E. (1977), “Activity Networks - project planning and control by
network models”, John Wiley and Sons, Inc., New York.

[14] Elmaghraby, S.E. (2000), “Optimal Resource Allocation and Budget Estima-
tion in Multimodal Activity Networks”, Private Communication, North Carolina
State University, Reileigh - North Carolina -USA.

[15] Held, M. and Karp, R.M. (1962), “A Dynamic Programming Approach to Se-
quencing Problems”, Journal of the Society for Industrial and Applied Mathe-
matics, March.

[16] Lewis, J.P. (1995), “Project Planning, Scheduling & Control: a hands-on guide
to bringing projects in on time and budget”. New York: McGraw-Hill.

[17] Lewis, J.P. (1997), “Fundamentals of Project Management”, Amacon, New York.
[18] The MathWorks, Inc (1997), “Using Matlab”.

[19] Moder, J.J.; Phillips, C.R.; Davis, E.-W. (1983), “Project Management with
CPM, PERT, and Precedence Diagramming”, 3d ed., Van Nostrand, New York.

[20] Neumann, K., Schwindt, C. and Zimmermann, J. (2002). “Project Scheduling
with Time Windows and Scarce Resources. Springer-Verlag”, Berlin. ISBN 3-
540-4263-6

Cadernos do DPS-19/2003 9



[21]

[22]

23]

[24]

[25]

Patterson, J.H.; Slowinski, F.B.; Talbot, F.B.; Weglarz, J. (1989), “An Algorithm
for a General Class of Precedence and Resource Constrained Project Scheduling
Problems” in Slowinski, R. and Weglarz, J. (Eds), “Advances in Project Schedul-
ing”, Elsevier, Amsterdam, 3-29.

Sprecher, A.; Hartmann, S.; Drexl, A. (1997), “An Exact Algoritm for Project
Scheduling with Multiple Modes”, OR Spektrum 19, 195-203.

Tereso, A.P., Araijo, M.M., and Elmaghraby, S.E. (2001). “Adaptive Resource
Allocation in Multimodal Activity Networks”, Research Report, Universidade do
Minho, Portugal, submitted for publication.

Tereso, A.P., Aratjo, M.M., and Elmaghraby, S.E. (2003). “Experimental Re-
sults of an Adaptive Resource Allocation Technique to Stochastic Multimodal
Projects”, Research Report, Universidade do Minho, Guimaraes, Portugal, sub-
mitted for publication.

Tereso, A.P. (2002). “Project Management - Adaptive Resource Allocation in
Multimodal Activity Networks”, PhD Thesis, Universidade do Minho, Portugal.

Cadernos do DPS-19/2003 10



A Example Networks and Parameters

A.1 Network 1

Figure 3: Network 1

The first network has 5 activities (see figure 3). T'= 120 and ¢;, = 8. In table 2
are the remaining parameters.

Table 2: Parameters for network 1
Activity [1 |2 [3 |4 |5
Origin 1 1 2 2 3
Target 2 3 3 4 4
A 0.02 | 0.03 | 0.04 | 0.024 | 0.025
Xmin 0.5 [05 |05 |05 0.5
Xmax 1.5 |15 [1.5 | 1.5 1.5

A.2 Network 2

Network 2 (see figure 4) is of larger dimension (11 activities). For this network,
T = 28 and ¢;, = 8. The remaining parameters are presented in table 3.

eters for network 2

Table 3: Param
Activity [1 |2 |3 [4 [5 [6 [7 [8 |9 |10]11
Origin 1 1 1 2 3 2 3 4 3 5t 4
Target 2 3 4 3 4 5t 5 5t 6 6 6
A 0.110.09(04]02|03]0.08(04]02(0.1]0.3/0.3
Xmin 05105 [05]05105]05 [05]05[05(0.510.5
Xmax 15115 |15 15|15 |15 |15 15|15 15|15
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A.3 Network 3

Figure 4: Network 2

Figure 5: Network 3

Network 3 has one more activity than the last one (see figure 5), and different
topology. T' = 47 and c¢;, = 4. The remaining parameters are presented in table 4.

Table 4. Parameters for network 3

Activity [1 |2 |3 |4 |5 |6 |7 |8 |9 [|10]11 |12
Origin 1 1 1 1 2 2 3 3 4 5 6 7

Target 2 3 4 5 4 7 5 7 6 7 |8 8

A 0.1 ]0.09 [ 0.08 | 0.1]0.09|0.08]0.1]0.09|0.08|0.1]0.09|0.1
Xmmin 0505 [05 |05[05 |05 [05[05 |05 [05[05 |05
Xmax 15|15 |15 |15|15 |15 |15|15 |15 |15]|15 |15
Cadernos do DPS-19/2003 12



A.4 Network 4

Figure 6: Network 4

To finish this set of tests, we used the network of figure 6, which has a considerable

Table 5: Parameters for network 4

size compared to the previous ones. Here, 7' = 110 and c¢; = 10. The remaining
parameters are presented in table 5.

Activity [1 |2 [3 [4 |5 [6 |7 [8 |9

Origin 1 1 1 2 3 3 4 4 15

Target (2 |3 |4 |5 |5 [6 |7 |8 |9

A 0.06 | 0.04 | 0.1 | 0.07 | 0.08 | 0.04 | 0.08 | 0.2 | 0.07
Xmmin 0.5 {05 [05|05 |05 |05 [05 |05]05
Xmax 15 |15 |15[15 |15 |15 |15 |15]|15
Activity [10 [11 |12 [13 [14 [15 |16 [17 [18
Origin 6 |7 [8 [9 |11 |10 [10 [12 |13
Target |11 |13 |10 |11 |12 |12 |13 |14 |14
A 0.05 | 0.08 | 0.07 [ 0.09 | 0.09 | 0.05 | 0.09 | 0.04 | 0.06
Xmin 05 {05 |05 [05 |05 |05 |05 [05 |05
Xmax 15 |15 |15 |15 |15 |15 |15 |15 |15
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B Solutions

B.1

B.2

Network 1

Table 6: Results for network 1
Network 1 H DP Model ‘ Approx. 1 ‘ Approx. 2 ‘ Approx. 3

X1

X2

X3

X4

X5

EV (Cost)
Run Time

Network 2

1.0
1.0

1.5

304.62
9.6 sec.

Table 7: Results for network 2
Network 2 “ DP Model | Approx. 1 | Approx. 2 | Approx. 3

1.0
1.0

1.0

279.14
8.4 sec.

1.25
0.5

0.5

148.79
6 sec.

1.03
0.51
0.87
0.99
0.96
152.82
1 sec.

X3

X2

X3

Xy

X5

X6

X7

X8

X9

X10

X11
EV(Cost)
Run Time

1.25
1.0
0.5

1.0
0.5
1.0

1.0
106.76

30 min.

Cadernos do DPS-19/2003

1.25
1.0
0.5

0.5
0.5
0.5
0.5

75.04
13 min.

0.75
1.0
0.5

1.0
0.5
1.0
0.5

58.94
6 min.

1.15
0.8
0.5
0.95
1.16
0.82
0.5
0.72
0.9
0.82
0.5
58.75
1 sec.
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B.3 Network 3

Table 8: Results for network 3
Network 3 || DP Model | Approx. 1 | Approx. 2 | Approx. 3

X 1.25 1.25 0.75 0.93
Xo 1.0 0.5 1.0 0.81
X3 1.0 1.0 0.5 0.55
X4 0.5 0.5 0.5 0.5
X5 0.93
Xg 1.0 0.5 0.5 0.5
X7 1.0 0.5 1.0 0.82
X3 0.5 0.5 0.5 0.5
Xg 0.97
X10 1.0 0.5 1.0 0.82
X1 0.97
X19 1.5 1.0 1.0 1.15
EV(Cost) 182.91 117.92 103.26 91.53
Run Time 23 h. 7 h. 3 h. 1 sec.
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B.4 Network 4

Table 9: Results for network 4
Network 4 “ DP Model | Approx. 1 | Approx. 2 | Approx. 3

X 0.75 1.25 0.5 0.69
Xo 1.25 1.25 0.75 1.3
X3 1.25 0.75 0.75 0.5
X4 0.67
X5 0.75 0.75 0.75 0.5
Xg 1.25 1.25 0.75 1.29
X7 0.75 0.75 0.75 0.5
Xg 1.25 0.75 0.75 0.5
Xg 0.66
X10 1.25 0.75 0.75 1.14
X11 1.25 0.75 0.75 0.5
X19 0.75 0.75 0.75 0.59
X13 0.73
X14 1.02
X15 0.75 0.75 0.75 0.58
X16 1.25 0.75 0.75 0.55
X7 1.5
X18 0.75 0.75 0.75 0.56
EV(Cost) 339.07 271.38 210.19 144.07
Run Time | 5 days 9 h. 2 h. 1 sec.
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